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Abstract 

Let A he a, {G, x)-Hopf algebra with bijective antipode and let M be 
a G-graded A-bimodule. We prove that there exists an isomorphism 

HH*,(^, M) ^ ExtA-gr(lK, "''(M)), 

where K is viewed as the trivial graded A-module via the counit of A, 
"■'^M is the adjoint ^-module associated to the graded A-bimodule M and 
HH|^ denotes the G-graded Hochschild cohomology. As an application, we 
deduce that the graded cohomology of color Lie algebra L is isomorphic 
to the graded Hochschild cohomology of its universal enveloping algebra 
U{L), solving a question of M. Scheunert. 

1 Introduction 

Color Lie algebras have been introduced in [H] and studied systematically in 
|1U[I11[[T^I13| . Some recent interest relates to their representation theory and 
related graded ring theory, |3| . The Cartan-Eilenberg cohomology theory for Lie 
algebras P |5] , has been extended to color Lie algebras by Scheunert and Zhang 
in ^lEl- In this note we introduce a graded cohomology of Color Lie algebras 
which coincide, in the case of degree zero, with the graded cohomology of L 
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defined by Scheuncrt and Zhang. We show an isomorphism between the graded 
Hochschild cohomology of the universal enveloping algebra and the Lie cohomol- 
ogy for arbitrary color Lie algebras, which amounts to a careful manipulation of 
the group grading structure involved. We start from an abelian group G with 
a skew-symmetric bicharacter e. Consider a G-graded e-Lie algebra L. Denote 
by U (L) its universal enveloping algebra. Note that U (L) has a natural (G, e)- 
Hopf algebra structure in the sense of Definition ^ Therefore, first, we study 
the cohomology of arbitrary (G, x)-Hopf algebras, where x is any bicharacter of 
G. We prove the main result concerning the (graded) Hochschild cohomology 
of a (G, x)-Hopf algebra with bijective antipode (see Theorem EJ. Then, we 
combine this with the information coming from the color Kozsul resolution of 
the trivial module K of color Lie algebra L to get the desired result for color Lie 
algebras (see Theorem 0)). Our theorem extends the result of Cartan-Eilenberg 
for Lie algebras (see 0, pp. 277) and solves a question of M. Scheunert in the 
case (of degree zero) (221)- 

This note is organized as follows: in Section 2 we fix notation and provide 
background material concerning finite group gradings and color Lie algebras; in 
Section 3 we study (G, x)-Hopf algebras in detail and prove the main theorem 
Theorem El in Section 4 we study the color Koszul resolution of the trivial 
module K of color Lie algebra L (Theorem Ojl, and, by using it, we obtain 
Theorem 0] 

We would like to thank Prof. Manfred Scheunert very much to read this 
paper and give us many suggestions. We also thank the referee for helpful 
comments. 

2 Premilinaries 

Throughout this paper groups are assumed to be abelian and K is a field of 
characteristic zero. We recall some notation for graded algebras and graded 
modules 1S|, and some facts on color Lie algebras from [TUl [TTl [T^ [T^ . 

2.1 Graded Hochschild cohomology 

Let G be an abelian group with identity clement e. We will write G as an 
multiplicative group. 

An associative algebra A with unit 1a, is said to be G-graded, if there is a 
family {^g|(? G G} of subspaces of A such that A — (Bg^cAg with I a G A^ and 
AgAh C Agh, for all g,h € G. Any element a £ Ag is called homogeneous of 
degree g, and we write \a\ — g. 

A (left) graded ^-module M is a left ^-module with an decomposition M = 
(BgecMg such that Ag.Mh C Mgh- Let M and N be graded A-modules. Define 

Hom^-g,(Af, N) = {/ e Hom^(M, N)\ f{Mg) C Ng, V g e G} . (2.1) 

We obtain the category of graded left A- modules, denoted by A-gi (see 8 ). De- 
note by Ext^_gj.(— , — ) the n-th right derived functor of the functor Homyii-gr(— , — ) 



2 



Let us recall the notion of graded Hochschild cohomology of a graded algebra 

A. A graded A-biniodulc is a ^-bimodulc M = (BgecMg such that Ag.Mh.Ak Q 
Mghk- Similar as the above, we obtain the category of graded >l-biniodules, 
denoted by vl-^-gr. 

Let A"^ — A(E)TS£A°P be the enveloping algebra of A, where A°p is the opposite 
algebra of A. Note that the algebra A^ also is graded by G by setting Ag := 

J2heG^h ®K A^-ig. 

Now the graded A-bimodule M becomes a graded left A^-module just by 
defining the A*-action as 

(a a')m = a.m.a', (2.2) 

and it is clear that AgM^ C Mgh, i.e., M is a graded A'^-module. Moreover, 
every graded left A^-module arises in this way. Precisely, the above correspon- 
dence establishes an equivalence of categories 

A-A-gr ~ ^''-gr. (2.3) 

In the sequel we will identify these categories. 

Let M be a graded A-bimodule, equivalently, graded left A*-module. The 
n-th graded Hochschild cohomology of A with value in M is defined by 

HH^,(A, M) := Ext%.^,{A, M), n > 0, (2.4) 

where A is the graded left A^-module induced by the multiplication of A, and 
the algebra A'^ = ©ggc^g is considered as a G-graded algebra as above. 



2.2 Color Lie algebras 

The concept of color Lie algebras is related to an abelian group G and an anti- 
symmetric bicharacter e : G x G K^, i.e., 

e{g,h)e{h,g) = l, (2.5) 
£ {g, hk) = £ {g, h) e {g, k) , (2.6) 
s{gh,k)=s{g,k)s{h,k), (2.7) 

where g,h,k € G and is the multiplicative group of the units in K. 

A G-graded space L = (Bg^oLg is said to be a G-graded s-Lie algebra (or 
simply, color Lie algebra), if it is endowed with a bilinear bracket [— , — ] satis- 
fying the following conditions 

[Lg,Lh]CLgh, (2.8) 



[a,b] = -e{\a\,\b\)[b,a], (2.9) 

s (|c|, \a\) [a, [b, c]] + e (|a|, |6|) [6, [c, a\\ + e (|6|, |c|) [c, [a, b\\ = 0, (2.10) 
where g,h £ G, and a,b,c& L are homogeneous elements. 
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For example, a super Lie algebra is exactly a Z2-graded e-Lie algebra where 

e{i,j)^{~ir, V t,jeZ2. (2.11) 

Let L be a color Lie algebra as above and T{L) the tensor algebra of the 
underlying G-graded vector space L. It is well-known that T [L) has a natural 
Z X G-grading which is fixed by the condition that the degree of a tensor ai®...® 
an with ai G ig. , S G, 1 < ? < n, is equal to (n, gi • ■ • gn)- The subspace of 
T (L) spanned by homogeneous tensors of order < n will be denoted by T" (L). 
Let J [L) be the G-graded two-sided ideal of T (L) which is generated by 

a(E)b- e{\a\,\b\)b(E)a-[a,b] (2.12) 

with homogeneous a,b € L. The quotient algebra U (L) := T (L) / J (L) is called 
the universal enveloping algebra of the color Lie algebra L. The K-algebra U [L) 
is a G-graded algebra and has a positive filtration by putting J7" {L) equal to 
the canonical image of T" {L) in U [L). 

In particular, if L is e-commutative (i.e., [L^L] — 0), then U [L) = S [L) 
(the £-symmetric algebra of the graded space L). 

The canonical map i : L ^ U (L) is a G-graded homomorphism and satisfies 

i (a) i{b)-e (|a|, |6|) i (6) i (a) = i ([a, b]) . (2.13) 

The Z-graded algebra G(L) associated with the filtered algebra U (L) is defined 
by letting G" (L) be the vector space (L) /[/""i (L) and G (L) the space 
©„6nG" (L) (note f/-i (L) := {0}). Consequently, G (L) is a Z x G-graded al- 
gebra. The well-known generalized Poincare-Birkhoff-Witt theorem, TUl , states 
that the canonical homomorphism i : L — > [/ (L) is an injective G-graded homo- 
morphism; moreover, if {xi}j is a homogeneous basis of L, where the index set / 
well-ordered. Set ykj ■= i {xkj), then the set of ordered monomials yk^ ■ ■ -yk^ is 
a basis of U (L), where kj < fcj+i and kj < fcj+i if e (gj, gj) ^ 1 with Xkj G Lg^ 
for all 1 < j < n, n e N. In case L is finite-dimensional U (L) is a two-sided 
(graded) Noetherian algebra (e.g., see [2|). 

3 (G, x)-Hopf algebras, graded Hochschild coho- 
mology 

Through this section G is an abelian group with a bicharecter x '■ GxG — > . 
All unspecified graded spaces (algebras, coalgebras, ...) are graded by G; all 
unadorned Hom and tensor are taken over K. 

3.1 Twisted algebras 

Let {A — (Bg£GA-g,-,lA) be a graded algebra and x be a bicharacter. Then 
there exists a new (graded) associative multipHcation on the K-space (Bgea^-g 
defined by 

a-^b^x{\a\,\b\)a-b (3.1) 

with a,b homogeneous elements. It is easy to see that (ffigg^Ag, 1^) is a 
(graded) associative algebra, which will be called the twisted algebra of A by 
the bicharacter x and will be denoted by A^. 
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Let A = {(BgAg, •, 1a) be a graded algebra and x be a bicharacter. Let 
be the twisted algebra of A by x- Consider the opposite algebra A°p, and 
denote its multiplication by o. Thus we may consider the algebra {A°p)^, the 
multiplication of which will be denoted by Hence we have 

a x ^ = X(|a|, \b\)a 06 = x{W\, \b\)b ■ a. (3.2) 

Let A = {(Bg^oAg, ■, 1a) be a graded algebra, and x a bicharacter and A^ = 
{(Bg^GAg,-^,lA) the corresponding twisted algebra of A. Let AI = (Bg^oMg 
be a graded yl-module. Then there exists a new graded yl-^-module structure, 
denoted by on the graded (Bg^cMg defined by 

a.^m :— x(|a|, \m\)a.m, (3-3) 

where a ^ A and m E M are homogeneous. Thus (Bg^cMg becomes a right 
graded vl^-module, which will be denoted by M^. Clearly every graded A^- 
module arises in the way. 

Therefore we have 

Proposition 1 Use the above notation. There exists an equivalence of cate- 
gories between A-gr and y4'^-gr. 

For further use, we need to introduce: let A and B be graded algebras (by 
G), define a (graded) associative algebra structure {A^B)^ on the space A(E)B, 
with the multiphcation given by the Lusztig's rule [H], 

{a(g)b)* (a' ® b') = x{\b\, \a'\)aa' (g> bb' , (3.4) 

where a, a' G A and b,b' E B are homogeneous. 

3.2 Twisted coalgebras 

Recall from Jij that a graded coalgebra C is a graded space C = (BgeoCg with 
comultiplication A : C ^ C ® C, and counit e : C — > K satisfying the following 
conditions: A(Cg) C J2heG ® ^h-^g, £^nd e(Cg) — lor g e, g £ G. 

We define twisted coalgebras as follows: let G = (C, A, e) be a graded coal- 
gebra, consider a new (graded) comultiplication A-*^ on G defined by 

>^A(c) = ^x(|ciUc2|)(ci®C2) (3.5) 

where A(c) — X^c'^i ® "^2 is Sweedler's notation with all factors ci, C2 homo- 
geneous. It is easy to check that (C, ^A, e) is a (graded) colagebra, it will be 
denoted by ^G. 

Note that the opposite coalgebra of ^C, denoted by (^iGy"^ will have the 
comultiplication as follows 

^A(c) = ^x(|ci|,|c2|)(c2®ci). (3.6) 

Let C be a graded coalgebra. Denote by gr-C the category of graded right 
C-comodules, with morphisms being graded homomorphism of comodules (of 
degree e). 

Dually to Proposition 1, we obtain 
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Proposition 2 Use the above notation. There exists an equivalence of cate- 
gories between gr-C and gr-^C. 



We need the following construction: let (C, Ac, ec) and {D, Ad, en) be two 
graded coalgebras, then the following law 

^{Ac (E) AD){c(g)d) ==^x(|c2|,Mi|)(ci®di)«)(c2(»d2) (3.7) 

defines on the space C ®D a. structure of graded coalgebra with counit ec ® ed, 
which is denoted hy ^{C ® D). 

3.3 (G, x)-Hopf-algebras 

Definition 1 A (G, x)-Hopf algebra A (compare \^ and p. 206) is a 5-tuple 
{A, m, ?7, A, e, S) such that 

(Tl): A = (BgeG-^g a graded algebra with multiplication m : A A > A 

and the unit map 77 : K — > A. In the meantime, (A, A, e) is a graded coalgebra 
with respect to the same grading. 

(T2): The counit e : A — > K is an algebra map. The comultiplication A : 
A — > (A A)^ is an algebra map, where the algebra (A (g) A)^ is defined as in 

(3.4). 

(T3): The antipode S : A — > A is a graded map such that 

aiS{a2) = e(a) = ^ S'(ai)a2 (3.8) 
for all homogeneous a £ A, where we use Sweedler's notation A(a) — ^ fli 002- 
Remark 1 

1. A 4-tuple {A,m,r],A,e) satisfying the (Tl) and (T2) will be called a 
(G, x)-bialgebra. 

2. The condition (T2) implies exactly that the following holds: 

e(U) = l, e(aa') = e(a)e(a'), (3-9) 
A(U)-U®1a, (3.10) 
A(aa') ^J2x{\a2l \a[\) aia[ ® 02^ = A(a) * A(&), (3.11) 

where 1a is the identity element of A, and a, a' G A are homogeneous. 
Note that these four equations exactly state that 

Tj:K — > A, m:^{A(x)A) — >A (3.12) 

are coalgebra maps, where the coalgeba ^{A(x)A) is defined in (3.6). 

3. A Hopf ideal of a {G,x)-Hopf algebra A is a graded ideal I Q A and a 
coideal (i.e., A{I) C A^ I + 1 1^ A and e{I) = satisfying S{I) C /. 

Thus there exist a unique {G,x)-Hopf algebra structure on the space A/ 1 
such that the canonical map tt : A — > A/ 1 is a (G, x)-Hopf algebra mor- 
phism. 
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Let {A, TO, 77) and (C, A, e) be a graded algebra and a graded coalgebra re- 
spectively. Then Honi(C, A) becomes an associative algebra with the convolu- 
tion product ★ defined by 

(/ * 5)(c) = TO o (/ ® 5) o A(c) = /(ci).9(c2), (3.13) 

for f,g^ Hom(C, c e C. Note that the unit of Honi(C, A) is ryoe. Moreover, 
it is easy to see that Homgi-(C, ^4) is a subalgebra of Hoin(C, A), i.e., if / and g 
are graded maps (of degree e), then so is f*g. 

Let A — (A,m,i], A,e, S) be a (G,x)-Hopf algebra. Consider the algebra 
Honi(^, A) with the convolution product Then the condition (T3) is equiv- 
alent to 

^★IdA = ??oe = Ha^S". (3.14) 

This shows the uniqueness of the antipode S. Now we obtain a result similar to 
the one in 14 , p. 74 (compare 5 , Theorem 2.10). 

Lemma 1 

1. The antipode S : {A,-, 1a) — > ((^4°^)-*^, 1^) is an algebra morphism 
with -y- defined by equation 

2. The antipode S : {^AY°^ — > A is a coalgebra morphism, where the co- 
multiplication of{^AY°P is defined by (3.6). 

Proof: We will imitate the proof in |14l . and we will only prove the first statement, 
since the second can be proved similarly. 

One see ^(Ia) = 1a by the condition (T3). Now it suffices to show that S(aa') — 
S{a) 'x S{a') = xd'*!) \a'\)S{a')S{a) for all homogeneous elements a, a' € A. Consider 
the convolution algebra Hom('^(A ^A),A), where the coalgebra structure of ^(AigiA) 
is defined as in (3.7). Now define two elements F,G £ Hom(-^(^ (g) A), A) by 

F{a(g)a') = S{aa') and G{a ® a') = xi\a\,W'\)S{a')S{a). (3.15) 

So we need to show that F = G. We claim that 

F-km^mi^G = rio{e^e) (3.16) 

in the convolution algebra }lom{^{A ^A),A), where m denotes the multiplication of 
A. Indeed that 77 o (e (g) e) is the unit in the convolution algebra Hom(-^(A (Si A), A), 
thus we obtain F — G, as required. 

In fact, by the definition of the convolution product ★ and the coalgebra structure 
of ^{A^ A), we have 

(_F ★ m)(a (g) a') = m o (F®m) o'^(A® A)(a®a') (3.17) 

= ^ xd^al, |a'i|) 5'(aia'i)a2a2 By Remark (3.18) 

^m{S(g) Id) A{aa') (3.19) 

= e(ab) = (r?o (e(g)e))(a(8) a'). (3.20) 
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On the other hand, 

{m -k G){a IS a') ^ m o {m ® G) o ^ {A ^ A){a (g) a) (3-21) 

= X] X(l"2|, lail) aia'iG(a2 ® a'2) (3.22) 

^^x{\"-2\,\"-'i\)x{\a2\,\a'2\) aia[S(a'2)S{a2) By |a'j = |ai||a2| 

(3.23) 

= 1] X(|a2l, la'l) aia'i5(4)S(a2) (3.24) 
= Xl^d'^^l, \a'\)aiS{a2)e{a') (3.25) 
= e(a)e(a') = (ry o (e ® e))(a ® a'). (3.26) 

(Here the second to the last equaUty follows from the fact that if \a'\ 7^ e then e(a') — 0; 
otherwise, x(|fl2|, |a'|) = !•) Thus we arrive at 

(F*m) =r;o(e®e) = (m*G). (3.27) 

This completes the proof. □ 

Remark 2 // the antipode S is bijective with inverse S^^ , then by Lemma^ 
we have: 

S-\a)S-\a') = x(|a|, \a'\)S-\a'a). (3.28) 
In this case, we call such a {G,x)-Hopf algebra a color Hopf algebra. 

The following result is quite useful when we construct an antipode on a 
(G, x)-bialgebra. 

Lemma 2 Let (^4, to, ry, A, e) be a {G,x)-bialgebra generated by a set A of ho- 
mogeneous elements (as an algebra). If there exists an algebra morphism S : 
A — > (A°P)^ such that each L'-i.Sp holds for each a G A, then S is the antipode 
of A. 

Proof: We just need to check the 13.811 for all elements in A. For this, it suffices to 
show that if two homogeneous elements a,b £ A satisfy the 13. 8L so does ab. 

In fact, by Remark Q and then Lemma Q 

Y,{ab)iS{{ab)2) = x{\a2\, \bi\)aibiS{a2b2) (3.29) 

= E X(|a2|, |&i|)x(|a2|, \b2\)aibiS{b2)S{a2) (3.30) 

= E^(I«2M&I)^(«)^W (3.31) 
= e(a)e(6) = e(a6). (3.32) 

(The third equality uses the fact that |6| — \bi\ ■ \b2\; the fourth equality uses the fact 
that e{b) ^ implies x(|fl2|, |b|) = !■) In a similar way we may establish the right 
hand side of the (13.811 . This completes the proof. □ 
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Example 

Using Lemma 12 we will give an important example of color Hopf algebras. Let 
y be a G-graded space and denote by T{V) the tensor algebra on V. Thus T{V) 
is a G-graded algebra generated by V. By the universal property of T{V), there 
exist unique graded algebra morphisms 

A -.TV — y {T{V)(g,T{V))>^ v< — >l(E)v + v(g>l, (3.33) 

e : Tiy) — >K vi — ^ 0, (3.34) 

for all V G V. 

To show that {T{V), A, e) is a (graded) coalgebra, we need to verify 

(A Id) o A = (Id A) o A and (e Id) o A = Id = (Id (g> e) o A (3.35) 

where Id the identity map of T{V). 

Note that all above maps are algebra morphisms, so it sufhces to check them 
on a set of generators of the algebra T{V). Clearly all elements in V satisfy the 
above equations, thus we have shown that {T{V), A, e) is an coalgebra, hence 
TV is a (G, x)-bialgebra. 

Again by the universal property of T{V), there exists a unique algebra map 

S : T{V) — > {TiVyPY V I — > ~v, (3.36) 

for all V G V. Now applying Lemma El we deduce that T{V) is a color Hopf 
algebra. We call the resulting color Hopf algebra T{V) the tensor color Hopf 
algebra of V. 

It follows from Remark 1 that if / is a Hopf ideal of T{V), then we have a 
quotient (G, x)-Hopf algebra T{V)/I. 

An important example is as follows: let L be a G-graded e-Lie algebra, then 
its universal enveloping algebra U{L) = T{L)/J{L) is (G, e)-Hopf algebra with 
J(L) defined by (|2.12() . since J{L) is a Hopf idea. Explicitly, U{L) is a color 
Hopf algebra with comultiplication A and e given by 

A(a) = 1 (8)a + a® 1, e(a) = 0, V a e L. (3.37) 

We now consider graded right A-modules. As before A will be a (G, x)-Hopf 
algebra. Recall that a right gr-free A-module of the form V A, where F is a 
graded space and V A is graded by assigning to w a the degree |?;| • |a|, for 
all homogeneous elements v G V and a G A, and the right action is given by 
(see El) 

{v ® a)a' = w aa'. (3.38) 

In fact, gr-free modules are just the free objects in the category of graded right 
A-modules. 

Since A : A — > {A A)^ is an algebra map, the algebra {A A)^ becomes 
a graded right ^-module. Explicitly, the right A-action on (A® A)^ is given by 
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(a ® a')b := (a a') * A{b) = ^ x(|a'|, |6i|)a6i ® a'62, (3.39) 

for homogeneous a, a',b e A and A(6) = ^ 6^ &2 is the Sweedler notation. 
Note that the grading of {A (S) A)^ is given such that the degree of a (8) a' is 
\a\ ■ \a'\. 

The following result will be essential. 

Proposition 3 The right A-module {A ® A)^ defined above is gr-free. 

Proof: Let V denote the underlying graded space of A. Thus V <^A becomes a right 
gr-free module. Define a map 'i' : {A® A)^ — > V (S) A hy 

■i'{a(g)a') =J2<^S{aj)(g)a2, (3.40) 

where a, a £ A axe homogeneous and A(a) = X] o^'i ® '^2 is the Sweedler notation. It 
is obvious that ^' is a (graded) bijective map with inverse 

'i!~^{a ® a) = aa'i (g) a'2. 

We claim that ^ is a right yl-module morphism, then we are done. 
In fact we have 

*((a ® a')b) = X{\a'\, Ibi|)*(abi ® ab2) (3.41) 

= ^ X{\a'\, \bi\)abiS(ia'b2)i) ® (062)2. (3.42) 

By Remark Q we have 

*((a ® a')b) = ^ xda'l, 16i|)x(l«2l, \b2\)abiS{a[b2) ® ^63, (3.43) 

where we use (A (g) IdA)A(6) = ^ fei (g) &2 ® &3 (see pHl. 

By Lemma^ we have S'(a'ife2) = x(l'^'il) |^2|)5'(&2)S(a'i), hence 

*((a ® a')b) = ^ xdffl'l, l&i I)x(|a2|, I&2 |)x(«i, 62)a6iS(&2)5(a'i) ® 0^,63 (3.44) 

= ^ xdffl'l, |&i||&2|)abiS(62)5(a'i) ® 0^,63 (3.45) 

= ^ x(l«'l, |&i|)ae(6i)5'(ai) ® 0^,62. (3.46) 
Using the fact that e(6i) 7^ implies that |&i| — e and hence x(l"'li l^*!]) — Ij ^6 obtain 

^ X(|a'l, |&i|)ae(6i)S'(ai) ® 0362 = ^ aS(a'i) ® 0362 (3.47) 

= ^ aS(a'i) ® 036. (3.48) 
Note the right A-module structure on V ® A. So we have proved that 

*((a®a» = (^(aOa'))^, V a,a',b£A. (3.49) 

This completes the proof. □ 

We obtain 

Theorem 1 Let {A,m,r], A, e, S) be a color Hopf algebra. Then the categories 
A-A-gT and (A® j4)-^-gr are equivalent. 
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Proof: We are going to construct the functor 

F : A-A-gv {A® A)^-gr (3.50) 

as follows: let M be a graded yl-bimodule, we denote the two-sided A-action on M by 
Define F{M) — M as graded spaces with the left [A (g) yl)-^-action given by 

(a ® a')m — x(l"'li \'ni\)a.m.S{a'), (3.51) 

where a, a' £ A and m £ M are homogeneous. We claim that the action is well-defined, 
i.e., 

((a (g) a) * (6 g) b'))m = (a 8 a'){{b ig> b')m), (3.52) 

where * denotes the multiplication of the algebra {A (g) A)^ (see (3.4)). 
In fact, we have 

((a g) a) * (6 g) b'))m = x{\a'\, \b\){ab g) a'b')m (3.53) 
= \b\)x{\a'b'\, \m\)ab.m.S{a'b') (3.54) 

= x{\a\, \b\)xi\a'b'\, \m\)x{\a\, \b'\)ab.m.S{b')S{a'). (3.55) 

The last equality uses Lemma Q 1. On the other hand, 

[a g) a'){{b g) b')m) = xd&'l, ® a')b.m.S{b') (3.56) 

= X(|6'l, |m|)x(|a'|, \b.m.S{b')\)a.ib.m.Sib')).S(a'). (3.57) 

Note that the degree of the element b.m.S{b') is |6| ■ |m| • |&'|. By comparing the above 
two identities, we have proved the claim. 

Conversely, we have the functor 

G : (^ g) ^)'^-gr A-A-gr (3.58) 

given as follows: let A'^ be a left graded {A g) ^)'^-module, define G{N) to be A'^ as 
graded spaces, and its A-bimodule structure given by 

a.n — {a l)n and a.a' = x~''(|i'l, lw|)(l g) 5'~"'"(a'))n, (3.59) 

for all homogeneous a, a' £ A and n £ N. Clearly, G{N) is a left yl-module. Note that 

in.a).b = x'Wb\, \a\ ■ \n\){l ® S''{b))(n.a) (3.60) 

= x-'iK \a\ ■ |n|)x-'(|a|, ln|)((l ® S-^b)) * (1 ® S-'ia)))n (3.61) 

= X-\\b\, H ■ |n|)x-'(|a|, |n|)x(16|, |a|)(l ® S'\ab))n (3.62) 

= x'^{\ab\, |n|)(l g) S''^{ab))n = n.{ab). (3.63) 

The third equality uses the fact S-^{b)S-^{a) = xi\b\,W\)S'^{ab), see Remark H 
hence G{N) is also a right A-module. Note that (a.n).a' = a.{n.a'), therefore, G(N) 
is a graded A-bimodule. It is easy to check that the functors F and G are inverse to 
each other. Thus we have proved the result. □ 
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3.4 Twisted Tensor Modules 



In this subsection, we include some remarks and notation concerning tensor 
modules in the category A-gr for a given (G, x)-bialgebra A. 

For given graded yl-modules M = (Bg^aMg and TV = (Bgeo^g, we define a 
graded A-module (M (g)^ TV) as follows: as graded spaces (M (E)^ TV) coincides 
with M ® N (note that the degree oi m ® n \s just |m| ■ \n\ for homogeneous 
m ^ M and n G TV); the (left) A-action is given by 

a(m ® n) := x(|a2|, |m|)aim (g) 02^, (3.64) 

for all homogeneous elements a e A, m G A/, n e TV and A(a) = 02 is 

the Sweedler notation. It is easy to check that (TWcg)^ TV) is a graded A-module. 

Since e : A — > K is an algebra map, then K becomes a graded A-module, 
which will be referred to as the trivial module (note that IK is trivially graded) . 
Thus the above defined "((g))-^" has the following properties: 

{{M (E)^ N) L) ~ (TV/ (g)^ {N ®x L)), 
(TW (g^ K) ~ TV/ ~ (K 0^ TV/), 

for all TV/, TV, L e A-gr. 

3.5 Graded Hochschild Cohomology 

Throughout this subsection, assume that (A, m, 77, S, e, S') is a color Hopf algebra. 

Denote by A-gr (resp. {A (g) A)'<^-gr) the category of (left) graded A-modules 
(rep. {A (g) A)-^-modules) with graded morphisms (of degree e). Note that here 
{A (g) A)^ is considered as an G-graded algebra as above. 

Since A : A — > {A g) A)^ is an algebra map, there is a restriction functor 

Res : (A (g A)*-gr A-gr. (3.65) 

More precisely, if M is a graded (Ag) A)^-module, then Res(A/) = A/ as graded 
spaces, and its left A-action is given by 

am = (^^ oi g) a2)m, a G A, me M. (3.66) 

The following is a direct consequence of Proposition 13 

Proposition 4 The functor Res : (Ag) A)-*^-gr A-gr is exact and it preserves 
injective objects. 

Proof: The exactness of Res is obvious. Let / be an injective object in {A ® A)^-gT. 
To show that Res(/) is an injective object in A-gr, take any monomorphism 

i: N — > TV' (3.67) 

and a morphism 

/ : TV — > Res(/) (3.68) 
in A-gr, we claim that there exists some morphism 

/' : TV' — > Res(/) (3.69) 
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such that f'i = /. then we are done. In fact, by Proposition |21 (A (8) A)^ is a gr- 
free right ^-module, hence it is flat A-module. So we have a monomorphism of left 
{A (g) A)'^-modules 

j = {A^ A)"" ®A i : (A ® A)"" (g)AN — >{A(g) A)^ ®a N' . (3.70) 

Note that we have a morphism of right {A ® A) ^-modules 

g : {A® A)^ (g)A N — > /, (a(g)a')®ni — >{a®a')f{n), (3.71) 

where a, a' £ A and n £ N. Since / is an injective object in {A ® A)^-gr, there exist 
a morphism 

g' -.{A® A)^ ®aN' — >I such that g' o j = g. (3.72) 

Define 

/' : iV' ^Res(7), n' ^ .g'((lA ® 1a) ® n'), (3.73) 

where n' £ N and 1a G j4 is the unit. Now it is easy to check that f'i = / and this 
proves that res(/) is an injective object in ^-gr. □ 

Define the adjoint functor to be 

'"^(-) = Res o F : A-A-gi A-gi. 

Explicitly, let M be a graded A-bimodule, then °'*(A/) = M as graded spaces, 
and the left yl-module structure is given by 

am = ^x(|a(2)|, \m\)ai.m.S{a2), (3.74) 

for homogeneous a € A and m £ M. The resulting graded A-module °'*(M) is 
called the adjoint module associated the graded A-bimodule M. 

The main theorem in this section is as follows: 

Theorem 2 Let A = (A, m, t], A, e, S) be a color Hopf algebra and let M be a 
graded A-bimodule. Then there exists an isomorphism 

HH^,(A, M) ~ Ext:^_g,(K, ''"{M)), n>0, 

where K is viewed as the trivial graded A-modules via the counit e, and °'^(M) 
is the adjoint A-module associated to the graded A-bimodule AI . 

Proof: First we show that there exists a natural isomorphism 
HomA<!-gr(^, -) ^ HomA-gr(K, '"*(-)), 

both of which are functors form A-A-gi to the category of vector spaces. 
In fact, for each graded ^-bimodule M = (Bg^cMg, 

HomA=-gr(^, M) = {m £ AIe\a.m = m.a, for all a £ A}, 

and 

HomA-gr(]K, '"'(Af)) = {m G Alslam = e{a)m, for all a G A}. 
We deduce that the isomorphism in using the definition of am, see 13.741 '). 
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In general, for n > 1, we have 

mqM, -) = Extlc_g,(yl, 

= i?"HoniA-g.(A,-), 

where R" means taking the n-th right derived functors. Now apply the above obser- 
vation, we get 



HH^,(A, -) = 7?"(HomA-g.(K, -) o 

By Theorem 1 and Proposition 4, we obtain the functor — ) is exact and preserves 
injective objectives. Hence Grothendieck's spectral sequence (e.g., see 2 or [HS], p. 
299) gives us 



i?"(HomA-gr(K, -) o »^(-)) = J?"(HomA-gr(K, -)) o 
Hence, we have 



HH^,(^, -) = 7?"HomA-gr(]K, -) o '^'*(- 
= Extl_,,(K,-)o 



This completes the proof. 



3.6 Shift functor 

We end this section with some observations on shift functor. Let A he a G- 
graded algebra. For each h € G, we define a shift functor [h] from ^-gr to 
itself as follows: for each M G ^-gr, define a graded A-module M[h] by setting 
{M[h])g = Mhg for each g eG. Note that M[e] = M. 

Set 

HOM^(M,iV),, = {/ e HomA(M,iV)| /(M^) C 7Vg^,V g £ G} . (3.75) 

So we have (see |8j, pp. 25): 

ROM a{M, N)h = HomA-gr(M, N[h]). (3.76) 

For M, N e A-gT, set 

HOMa(M, N) := ©geGHOMA(M, N)h. (3.77) 

Let EXT^(-, -) (resp. EXTJ(-, -),,) be the n-th right derived functor of 
the functor HOMa(-,-) (resp. 110Ma{-, -)h)- 

Clearly, we have 

EXT^(M, N)h^ Ext'l_gi.(M, N[h]), n>0 (3.78) 
and, consequently, 

EXT:^(M, N) = (BheG ^xt'X-gAM, N[h]), n > 0. (3.79) 
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Let M be a graded ^-bimodule which is regarded as a left A^-module. 
Set 

HH"(A, M)h ■■= EXT^e (A, M)h = HH^,(A, M[/i]), n > 0. (3.80) 

From Theorem |5J we get immediately 
Corollary 1 Under the hypotheses of Theorem\^ Then 

W\A,M)h ^ Ext:^_g,(K,"'^(M[;i])) = EXT^^iK,-^ {M))h 
for each h €z G and n > 0. 

Remark 3 In the above two corollaries, we use the notation [/i]). Let us 
remark that, in general, and {°''^{M))[h] are not isomorphic in A-gr. 



4 Graded Cartan-Eilenberg Cohomology 

In this section we will extend the construction in 1 and 2 to color Lie algebras. 
4.1 Color Kozsul Resolution 

Let L be a G-graded e-Lie algebra over K, and let V be the underlying graded 
space of L. Set 

AeV ■.^T{V)/ {u®v + e{u,v)v®u) (4.1) 

where u, v are homogeneous in V. Clearly A^V^ is graded by the group Z x G, 
in other words, 

AeV^^A^V, (4.2) 

n>0 

and each A"^ is graded by G. 

Define G„ :— U{L) (g)K A"V, which is graded by G such that the degree of 
u® V IS \u\- \v\, for homogeneous u G U{L) and v G A"F, n G N. Endow G„ 
with a left U (L)-module structure, which is induced by the multiplication of 
U{L). Obviously, each G„ is a graded ?7(L)-module (with respect to the group 
G) and it is gr-free (again in the sense of |H]). 

Denote by (xi, ...,a;„) the element xi A • • • A a;„ of A"F. Define, for every 
homogeneous y £ L, an i-module homomorphism 0{y) : G„ — > G„ by 

0{y){u (g) {xi, ...,x„)) -e{\y\, \u\)uy ® {xi, ...,a;„) 

n 

+ ^e(|y|, \u\ • l^il • • • \xi-i\)u (xi, [y,Xi] , ...,a;„) 
1=1 

We claim that 

e{x)e{y) - e{\x\, \y\)e{y)e{x) = e{[x, y]) (4.3) 
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for all homogeneous x,y,xi, ..,a;„ G L and u e U{L). We check that 6 verifies 
Ea. (|4.3l) and the fact that 9 = [Oi ® 02)^ \s the twisted tensor product of L- 
module maps (see Section 3.4): 

Oiix) : U{L) U{L),u ^ ei{x){u) := -e{x, u)ux 

and 

n 

92{x) : A"L A"L, {xi, ...,Xn) ^ ^e{x,Xi) {xi, [x,Xi] , ...,x„) . 

i 

We define also, for every ?/ G L, a graded i-module homogeneous homomor- 
phism of degree zero a{y) : Cn ~> Cn+i by 

(7(y)(u (E) (xi, ...,x„)) := e{\y\, (y,xi, ...,x„} 

for all homogeneous elements xi, ..,Xn G L and w G U{L). It is easy to check 
that 

a([x, y]) = e{x)a{y) - e{x, y)a{y)e{x). (4.4) 

Next we define by induction i-module homorphisms of degree zero cZ„ : C„ 
Cn-i by 

cr(y)d„_i + d„cr(y) = -e{y) (4.5) 

for all homogeneous elements y & L and m G U{L). We set do := 0. Since 
u (g) (xi, Xn) = e(w, a:i)i7(a:i)(M i8) (2^2, a:^n)), it follows from Eq. 1)4. 5|l that 

d„{u (a;i, a;„}) = e{u, xi)d„a{xi){u (2:2, a;„)) 

= e{u, xi){-9{xi) - a{xi)dn-i){u {X2, Xn))- 



We deduce that the operator dn is explicitly given by 
d„(u (g) (xi, • • • ,a;„}) 

n 

= ^(-l)*+^ei uXi(E) {xi,- ■ ■ , fi, • • • ,Xn) 
1=1 

^ ^ ( 1) ^i^j^^ I I ? I I ) W ( , Xj] , Xj , ■ • ■ , Xji ) , 

l<i<j<n 

for all homogeneous elements u G J/(i) and Xi G £, with = Jl/i=i ^(N/il: 

^ > 2, ei = 1 and the sign ^ indicates that the element below it must be 

omitted. We will show preceding by induction on n G N that 

0iy)dn = dM (4.6) 

It is obvious if n = 0. For n > 1, we have 

0{y)dn - dnO{y){u ® (xi, ...,Xn)) 

= e{u, xi) {0{y)dn<7{xi) - dnO{y)a{xi)) {u (g) {x2, x„)). 
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Since s{u, xi) ^ for all homogeneous elements xi, u, it sufficient to show that 
0iy)dncjix) - d„e{y)aix) = 0. 

On the other hand 
Oiy)dna{x) - dnd{y)aix) 

= -9{y)e{x) - e{y)(7{x)dn-i - e{y,x)dn(j{x)e{y) - d„cr([y,x]), (by Eq. (gSJ 
and Eq.||13l) 

= -e{y)e{x) ~ eiy)aix)dn-i + e{y, x){e{x)e{y) + a(a;)d„_i0(2/)) + [y, x] 

+a[y,x]d^^i), (by ^) 

= {-0{y)e{x) + £(j/, x)e{x)e{y) + [y, x]} 

+{—9(y)a{x) + e(2/, x)a{x)9{y) + tr [y, x]} (i„_i, (by the induction hypothesis) 
= 0, (by Eq. g^, and Eq. ftljl ). 

Finally, we show that 

d„_id„ = 0. (4.7) 
It is obvious that do^i = 0. We reason by induction. We have, for n > 2 : 

dn-ldn{u ® {xi...Xn)) = e(u, Xi)dn-ldn(T{xi){u ® {X2..-Xn)), 

from Eq. 14.5|l we obtain: 

s{u, xi)d„-id„a{xi){u {x2-.-Xn)) = -e{u,xi)dn-iiO{xi) + a{xi)dn-i) 

= e{u, xi)dn-id„a{xi){u {x2...x„)) 
^ -e{u,xi)dn^i{9{xi) + a{xi)dn-i) 

= -s{u, Xi){dn^i9{xi) + dn-lO{xi) 
+ a{xi)d.n-2dn-l) 

= 

from Eq. I|4.6|l and the induction hypothesis. 

Let {xi}j be a homogeneous basis of L, where / is a well-ordered set. By 
the generalized PBW theorem the elements 

efei ■ • -efc^ (g) (ezi • ■ -ei^} (4.8) 

with 

ki<---<kjn and h < h+i if e(|e/cj, |e/c, [) = -1 (4.9) 

and 

?i <••■</„ and k<k+i if e{\eu\Aeu\)^l (4.10) 

form a homogeneous basis of C„. 

We define a family of G-graded subspace FpC of C with p S Z, as follows: 
(FpC)_i := K and (FpC)„, n > 0, is the subspace of C„ generated by the 
homogeneous basis H4.8II with m + n < p. We see that for all n > the 
differential dn maps {FpC)n into {FpC)n-i, then FpC is a G-graded subcomplex 
of G. For every p > 1 we define a G-graded complex W^^' by (FpG)„/(i^pG)„_i 
for n > and W^^^ := K. It is now clear that the differential d^ : 
is G-graded and given by 
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i-l 



^(-1)*+^ e(|e;^|, |e;,|) • • • efc„e;;(g>(eii , • • • .e;,,--- , e/„) mod(Fp_iC)„_i. 

Note that the summands on the right hand side are not necessarily of the form 
(|4.8() . since we cannot guarantee < U. 

Lemma 3 We have that the homology groups H„(M^'') = for all p > 1 and 
all n. 

Proof: We define a G-graded homomorphisms as follows: : K — ^ Wq is given 
by til (Ik) := 1 ® () and, for n > 0, we define : WS -> W^+i by 

m m 

We will show that 

dl+itl + t^_id^ = p id. 



d5i+itn(efci ■ ■ ■ efc,„ ® (eii • • • eij) 

m,n m J — 1 

= E (-1)' n e{\e,^,\e,,\) e(\eu^^e:^\) X{e{\e:,\,\ei^\) 

ij = l h=i+l h=l 

Cfci • • ■ Cfc; ■ ■ ■ efc„ e;^. ® (fife . , , • • • , ei- ■ ■ ■ , ) 

+ ^(-1)^+^ n e(|efeiUefe;.|) efel •• -ei, •■■efc„efe. (g) (e!i ■■■ei„) 

— l h — i-\-l h—l 



efci • • - efc^ • ■ -Gk^ei. (efc. ,ezi, • • • , ez, • ■ ■ , ez^ 

m m 



+ E n '^(IfifciUefchl) n e(|efcj,|efcj) efc, •■■efc, •■■efe„ (g) (eji ••■ei„> 

i = l h = i + l h = i + l 

m,rL m i — 1 

= E (-1)' n e(|e.J,|e.J)e(|e,J,|e,J) H ^d^^J- kij) 

— 1 /i — z + 1 /i — 1 

+ m efc^ • ■ ■ Cfc, • ■ ■ efc„ (g) {ei^ • • • e!„ ) . 

(The last equality uses the fact that nr=i+i ^d^fcil, lefc^l) IlhLi+i ^defc^l, |efc. |) = !•) 
And we have 
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m.n J — 1 m — 1 

— 1 /l— 1 ^ — i + 1 

fifci • ■ ■ Cfc . ■ ■ • efc^ ei. ® (efc . , 6;^ , • • ■ , e; ^ ■ ■ • , ei„ ) 

m,n j — 1 m — 1 

i.j — 1 /i— 1 h — i + 1 

eki ■ ■ ■ eli ■ ■ ■ Efc^ ej^- (g) (e^ . , ej^ , • • ■ , ^ ■ ■ • , ej^ ) 

n j — 1 j — 1 

j^l /l^l /i^l 

m,7i J — 1 m — 1 

= " E(-l)'n^(l^'J'l^'.l) n e(|efc.Ue,J)e(le,J,|e,J) 

i.J — 1 h. — 1 /i — i + 1 

fifci ■■■el.--- gfc^ e;^- (g) (efc . , 6;^ , • • ■ , ^ • ■ • , ) 

+ n gfcj • • ■ efc„ ® (cii , • ■ ■ ,ei - - -- , ) . 

(Here again we use nCi^deiJ, |ei,!) 111=1 ^deij I' l^ij) = 1-) 
From that we deduce that 

(rf^+iC + iJ^-Wn) (fifci • ■ ■ efc„ (g) (e;^ ■■■£;„)) = (m + n)(efcj • ■ • e^^ g) (e;^ ■ ■ ■ e;,,)), 

(4.11) 

We set 

(4.12) 

and thus, we deduce that 

d^t" + t''d'' = ld. (4.13) 
Hence RniW) = for all p > 1 and all n. □ 

The following theorem gives the color Koszul resolution. 
Theorem 3 Then the sequence 

C: >C,/-^ C„_i ^ . Ci A Co ^ (4.14) 

is a G-graded U{L)-free resolution of the G-graded trivial module K via e. 
Proof: We consider the (G-graded) exact sequence of complexes 

^ FpC W". (4.15) 

For the associated long exact homology sequence it follows from Lemma |3 that 

H„(j;,_iC) ~ n^{FpC) (4.16) 

for all n, and all p > 1. Since FqC is the graded complex ^ K ^ K ^ 0, we then 
obtain H„(FoC') = 0, for all n. Hence, by induction, H„(FpC) = for all n and all 
p > 0. Since C = Up>oFpC then the result follows that H„(FpC) =0. □ 



19 



4.2 Cohomology of color Lie Algebras 

Let M be a left L-module, we define the n-th graded cohomology group of L 
with value in M as 

H"(L, M)^ EXT^(i) (K, M), - Ext^(i)_gr(IK, M[/i]). (4.17) 

for all h ^ G, where IK is the trivial graded i-module, or equivalently, U{L)- 
module. 

We also define 

H^,(L,M) = H"(L,M)e. (4.18) 
Thus H"(L, M)h = ilg,{L, M[h]). 
Set 

H(L,M) = e^eGH"(L,M)^. 

To compute Hgj.(L, AI), we may be used the gr-free resolution of the trivial 
module K in Theorem^ Let M be a graded L-module, the cohomology groups 
Hgj.(L, M) are the homology groups of the complex 

Hom[;(i)_gr(C„, M) = Uomu^LygiiUiL) ® A^L, M) 
~ Homg,(A^L,M), 

where C is the complex in Theorem O Under the above isomorphisms, the 
corresponding differential operator is given by 

<5"(/)(xi,--- ,x„+i) (4.19) 

n+l 

= X^■f{Xl,■■■ ,£„■■■ .Xn+l) (4.20) 

i=l 

+ ^ ^ ( 1) "'^j^^j^d'^j 1 7 \Xi\) f {[Xi , Xj], Xi, ■ ■ ■ , , • • • , afj , • • • , Xn+l ) , 
l<i<j<ri+l 

(4.21) 

for all / G Homgi- (A"L, M), where the e^'s are given in 4.1. This description of 
the graded cohomology groups Hgj(L, B) shows that these coincide, in the case 
of degree e, with the graded Cartan-Eilenberg cohomology of L introduced by 
Scheunert and Zhang inf[TT ] .[0 | '). 

Now we can apply CoroUaryQlto the universal enveloping algebra U{L) of a 
G-graded e-Lie algebra L: by the Example in Section 3, we see U{L) is a color 
Hopf algebra. Note that if M is a graded ?7(L)-bimodule, the corresponding 
adjoint L-module '^'^{M) is given by (compare H3.74|l 'l 

xm = x.m — e{\x\,\m\)m.x (4.22) 

for homogeneous x G L and m G M . 

In summary, we get 

Theorem 4 Let L be a G-graded s-Lie algebra, and let U{L) be its universal 
enveloping algebra. Let M be a graded U{L)-bimodule. Then there exists an 
isomorphism of graded spaces 

RIi'\U{L),M)h - U^iL,-^ {M))h = H^Ui (M[h])). n > 0. (4.23) 
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In particular we obtain 



HH^',([/(i), M) ~ H^Ui,"'' {M)), n > 0. (4.24) 
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